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Abstract. This paper describes an efficient variation of a well-known 
technique for converting a general-purpose analog computer (GPAC) to 
a chemical reaction network (CRN). If an input system has n variables, 
the existing dual-railing technique requires 2n variables in the resulting 
system. As the resulting CRNs are often fed into downstream processes 
which may themselves be exponential in the number of variables [7], 
it is frequently worthwhile to try to minimize the number of variables 
generated in this conversion. This paper presents a technique that results 
in fewer than n new variables, by rewriting only those whose positive 
terms are ‘infected’ by ill-formed variables. 

1 Introduction 

Chemical Reaction Networks (CRNs) are a popular programming language for 
nanotechnological applications, allowing one to describe computation as a pro-
cess of interactions between abstract molecular species. Moreover, CRNs have 
a natural hardware language in which they can be physically realized at the 
nano-scale: DNA Strand Displacement (DSD) cascades [11]. 

The ease of use of a ‘high-level’ language may depend on how comfortably 
one can manipulate and modify a program in order to change its behavior in 
an intended way. While the prospect of one day compiling high-level digital 
languages to CRNs or DSDs is also interesting [15], it is common and sometimes 
more convenient to convert other analog languages to CRNs. 

With this in mind, ordinary differential equations (ODEs) are a well-studied 
and widely used model (see any standard text, e.g. [13]). In the world of ana-
log computation, ODEs are the basis of the general purpose analog computer 
(GPAC) model, originally devised by Shannon [3,10]. Both GPACs and CRNs 
are Turing-complete [1,4] but the GPAC comes with the many conveniences 
of ODEs: tricks, substitution techniques, and many centuries of examples, in 
particular of the computation of numbers and functions. 
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In this sense, we find it useful to regard CRNs as GPACs: one can express any 
chemical system in terms of its mass action kinetics, in which the concentration 
of each molecular species is tracked by the solution of a system of ODEs. If 
we want to manipulate CRNs, we might begin with a GPAC, program it to do 
what we want (for example, to compute 

√
2 as the limit of one of its component 

functions), and then convert it to a CRN while preserving this property. 
Not every GPAC is by default a CRN, as GPACs can have negative values and 

there cannot be negative quantities of chemical species. Moreover, in this paper 
we are concerned specifically with bounded systems whose variable values always 
lie within some interval (−β, β) for β >  0. This is a realistic restriction that 
ensures that quantities do not ‘overflow’ to infinity, and that the time complexity 
of terminating computations can be meaningfully measured [2]. 

Section 2 reviews some formal definitions. In Sect. 3, we explore the dual-
railing method, which transforms a GPAC into a CRN by encoding each variable 
as a difference of non-negative variables. In Sect. 4, we discuss  a more efficient  
version of this method and demonstrate the improvement with an example. 

2 Preliminaries 

Definition 1. A General Purpose Analog Computer (GPAC) is a system of 
ordinary differential equations of the form y (t) =  p(y(t)), together with a 
set of initial values y(0), where  p is a vector of polynomials. In this sense, 
a GPAC is a  polynomial initial value problem. Such systems are always polyno-
mial, autonomous, and first-order. 

Definition 2. A Chemical Reaction Network (CRN) is a pair (S, R) where S is 
a set of (usually, capitalized and single-letter) names of molecular species, and 
R is a set of reactions in which those species participate. Each reaction ρ has 
the following form, where kρ ∈ N is its rate constant: 

ρ : a1X1 + .... + anXn 
kρ → b1Y1 + .... + bmYm. 

Theorem 1. (CRN-implementable Functions [5], Theorem 3.1 and 
3.2). A function is CRN-implementable if and only if it is GPAC-implementable 
with the further restriction that the derivative of each component xi in its vari-
able vector x = (x1, x2, · · ·  , xn) is of the form 

xi = p − qxi, where p, q are positive polynomials. (1) 

3 Naive Dual-Railing 

Here we describe the well-known dual-railing method for converting a GPAC 
into a CRN. To  dual-rail a variable x is to split it into two variables, x+ and 
x−, ensuring that x(t) =  x+(t) − x−(t) for all t ∈ [0, ∞), and that both x+ and 
x− are CRN-implementable. The dual-railing method is really a collection of



Selective Dual-Railing for GPACs 399

related approaches that use this idea, and in examining a dual-railing approach 
we consider two factors: how many variables of a system are modified, and in 
what way are these modified. In our sense, a naive approach modifies every single 
variable even if, as we will show in the next section, this is not always necessary. 

The other factor concerns the specific way of defining the new variables. One 
folkloric and common [9,14] option is to use  fast annihilation reactions: as dual 
species X+ and X− accumulate, their excess can be shed via X+ + X− k→ W , 
where W is a waste species. This introduces a term −kx+ x− in the new variables’ 
ODEs. Another approach scales the −x+ x− term by the entire ODE x [8], in 
which case it is known that the resulting system is bounded [6]. It is often 
assumed that the fast annihilation reaction method results in a bounded system 
for sufficiently large k, but this has not yet been shown: 

Problem 1. Given x, is there a constant k so that the dual-railed system based 
on annihilation reactions (Z = k in Eq. (2)) is bounded? 
Construction 1. (Naive Dual-Railing). If x = (x1, x2, ..., xn) is a GPAC con-
sisting of n variables with ODEs 

x1 = p1(x1, ..., xn), 
x2 = p2(x1, ..., xn), 
... 
xn = pn(x1, ..., xn), 

then we define a new system x̂ = (x+ 
1 , x

− 
1 , x

+ 
2 , x

− 
2 , ..., x+ 

n , x
− 
n ) as follows: 

1. For each i, define a new polynomial p̂i(x̂) =  pi(x+ 
1 −x− 

1 , x
+ 
2 −x− 

2 , ..., x+ 
n −x− 

n ) 
by substituting the differences x+ 

i − x− 
i for each xi everywhere in pi. 

2. Next, split this polynomial up into p̂i = P̂ + 
i − P̂ − 

i , where  ̂P + 
i consists of 

all the positive terms in p̂i, and  ̂P − 
i consists of all the positive parts of the 

negative terms in p̂i. 
3. Finally, define the CRN-implementable ODEs for the new variables by: 

x+ 
i = P̂i 

+ − x+ 
i · x− 

i · Z, 

x− 
i = P̂i 

− − x+ 
i · x− 

i · Z, 
(2) 

where either Z = P̂i 
+ 
+ P̂i 

− 
or Z = k (where k is a sufficiently large constant), 

based on the chosen approach. 

As a result, for every original variable, xi = pi = P̂ + 
i − P̂ − 

i = x+ 
i − x− 

i . 

4 Selective Dual-Railing 

Next, we demonstrate an improvement based on the observation that not every 
variable necessarily needs to be dual-railed. As before, let x = (x1, x2, ..., xn) be 
a GPAC with  n variables. We identify a vertex in a graph with its variable in 
the ODE system.
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Definition 3. A variable xi is ill if its equation xi is ill-formed, i.e., fails to 
have the form of Eq. (1). 

Definition 4. If xa, xb are variables of x, we say that xa affects xb if xa appears 
anywhere in the positive terms of xb, i.e. if there is a positive monomial T = xaS 
in xb where S is some monomial or a constant. 

Definition 5. xa can infect xb if xa affects xb and there is a positive term in 
xb where xa appears but xb does not. 

Note that if xb has a positive term where xb appears, then splitting up the 
other variables in that term can only produce negative terms that also contain 
xb, thus it does not harm CRN-implementability. 

Definition 6. The infection graph is the directed graph I(x) =  (V, E) where V 
is the set of variables of x and E = {(xa, xb) | xa can infect xb}. 

As an example, consider the following system, noting that only one variable, 
a, has an ill-formed ODE expression (the term −d does not include a): 

x = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

a = b − ab − d 
b = c + a − ab2 

c = bc − bc2 + 0.1d 
d = c − cd 

(3) 

Fig. 1. I(x), of Eq.  3, with one infected (dashed) and one uninfected (solid) SCC. 

Construction 1 results in 8 variables. However, if we look at the strongly 
connected components of I(x) in Fig. 1, we see that only two variables require 
rewriting: a and b, requiring 6 variables total for the system.
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Below is an algorithm that selectively dual-rails x: 

Algorithm 1: Selective Dual-Railing 
Input: A GPAC  x = (x1, x2, . . . , xn). 
Output: A CRN-implementable system. 

1 Construct the infection graph I(x) = (V, E). 
2 Compute the set S(I) of strongly connected components (SCCs) of I via 

Tarjan’s algorithm. 
3 Build the induced acyclic graph of SCCs, with edges inherited from I. 
4 Identify the set ILL ⊆ {x1, . . . , xn} of ill-formed variables. 
5 foreach S ∈ S(I) do 
6 if S is reachable from an SCC S with S ∩ ILL = ∅ then 
7 Label S infected. 

8 Let R ⊆ V be the set of variables belonging to infected SCCs. 
9 foreach xi ∈ R do 

10 Define the polynomial p̂i and the sets P̂ + 
i and P̂ − 

i by substituting (yj , 
y+ 

j − y− 
j ) for all yj ∈ R as in Construction 1. 

11 Apply dual-railing to xi as in Eq. ( 2). 
12 foreach xi /∈ R do 
13 foreach yi ∈ R do 
14 Substitute (y+ 

i − y− 
i ) for all instances of yi in xi. 

15 return the modified ODE system. 

The values of original system variables are preserved via the relation-
ships xi = (x+ 

i − x− 
i ), as is boundedness if one uses Z = P̂ + 

i − P̂ − 
i . All  

ill-formed variables, and those that depend on them, are dual-railed - thus, 
become CRN-implementable. Variables xi that are not dual-railed remain CRN-
implementable: although they may undergo substitutions, by Definition 5 these 
cannot result in negative terms that fail to include xi. 

One may use, for example, Tarjan’s algorithm [12] to identify strongly con-
nected components in I(x). Algorithm 1 introduces a number of new variables 
equal to the size of the union of infected SCCs of I(x), typically fewer than n. 
The algorithm parses the input system in linear time with respect to its string 
representation. It performs symbolic transformations that may introduce new 
variables or expand terms. The total runtime is output-sensitive, and in the 
worst case can be exponential in the input size due to polynomial expansion. In 
practice, the output is typically much smaller, and the algorithm runs in time 
linear in the input and output sizes combined. 

5 Conclusion 

While the standard dual-railing method for bounded systems (Construction 1) 
results in n new variables, the method of the previous section often results in
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fewer. It can be worthwhile to use it when one is concerned about the number 
of variables and about preserving boundedness, and especially if one suspects 
that the initial system has some well-formed variables that are decoupled from 
ill-formed ones. 
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